Abstract. In order to construct good quantum-error-correcting codes, we construct good Hermitian self-orthogonal linear codes over GF(4). In this paper we construct record-breaking pure quantum-error-correcting codes of length 24 with 2 encoded qubits and minimum weight 7 from Hermitian self-orthogonal codes of length 24 with dimension 11 over GF(4). This shows that length n = 24 is the smallest length for any known [[n, k, d]] quantum-error-correcting code with k ≥ 2 and d = 7. We also give a construction method to produce Hermitian self-orthogonal linear codes GF(4) from a shorter length such code.
Introduction
It was shown [4] in 1995 that there could exist quantum-error-correcting codes (QECC throughout the paper) which would protect quantum information as classical error-correcting codes protect classical information. See [1] for the brief history of QECC. It is also known [1] that the problem of finding QECC is transformed into the problem of finding additive self-orthogonal codes under a certain inner product over the finite field GF(4). These additive self-orthogonal codes include the classical Hermitian self-orthogonal codes over GF (4) . So our purpose is to construct good Hermitian self-orthogonal codes in order to construct good QECC using the ideas of [3] .
We recall some basic definitions from [1, 2] . Let GF(4) = {0, 1, ω, ω} with the convention that 2 = ω and 3 = ω where ω = ω 2 = 1 + ω. An additive code C over GF(4) of length n is an additive subgroup of GF (4) n . As C is a free GF(2)-module, it has size 2 k for some 0 ≤ k ≤ 2n. We call C an (n, 2 k ) code. It has a basis, as a GF(2)-module, consisting of k basis vectors; a generator matrix of C will be a k×n matrix with entries in GF(4) whose rows are a basis of C. The weight wt(c) of c ∈ C is the number of nonzero components of c. The minimum weight d of C is the smallest weight of any nonzero codeword in C. If C is an (n, 2 k ) additive code of minimum weight d, C is called an (n, 2 k , d) code.
To study QECC, we consider a somewhat different inner product from the ordinary inner product. We start with the following trace map. The trace map Tr : GF(4) → GF(2) is given by
In particular Tr(0) = Tr(1) = 0 and Tr(ω) = Tr(ω) = 1. The conjugate of x ∈ GF(4), denoted x, is the image of x under the Frobenius automorphism; in other words, 0 = 0 1 = 1, and ω = ω. We now define the trace inner product of two vectors x = x 1 x 2 · · · x n and y = y 1 y 2 · · · y n in GF(4) n to be
Tr(x i y i ) ∈ GF(4).
If C is an additive code, its dual, denoted C ⊥ , is the additive code {x ∈ GF (4) n
We say that two additive codes C 1 and C 2 are equivalent provided there is a map sending the codewords of C 1 onto the codewords of C 2 where the map consists of a permutation of coordinates followed by a scaling of coordinates by elements of GF (4) followed by conjugation of some of the coordinates. Notice that permuting coordinates, scaling coordinates, and conjugating some coordinates of a self-orthogonal (or self-dual) code does not change self-orthogonality (or self-duality) and the weight distribution of the code. The automorphism group of C, denoted Aut(C), consists of all maps which permute coordinates, scale coordinates, and conjugate coordinates that send codewords of C to codewords of C.
Now we state the relationship between QECC and additive self-orthogonal codes over GF(4).
Lemma 1 (Theorem 2, [1]).
Suppose that C is an additive trace selforthogonal (n, 2 n−k ) code of GF (4) n such that there are no vectors of weight < d in C ⊥ \C. Then an additive quantum-error-correcting code with parame-
If there are no nonzero vectors of weight < d in C ⊥ in the above lemma, C is pure (or nondegenerate); otherewise it is impure (or degenerate) [1] 
where k is the number of encoded qubits (quantum bits).
The Hermitian inner product is defined as
for two vectors x = (x 1 , · · · , x n ) and y = (y 1 , · · · , y n ) in GF(4) n . A linear code with length n, dimension k(as a vector space over GF(4)), and minimum weight d is called an [n, k, d] code. The following theorem explains why Hermitian self-orthogonal linear codes are interesting in order to construct QECC.
Lemma 2 (Theorem 3, [1]). A linear code C is self-orthogonal with respect to (1) if and only if it is self-orthogonal with respect to (2).
Combining the above two lemmas, we get the following corollary. Corollary 1 ([1,5] ). Let C be a Hermitian self-orthogonal linear [n, k] code over GF(4) such that there are no vectors of weight < d in C ⊥ \C, where C ⊥ is the Hermitian dual of C. Then there is a quantum-error-correcting
Proof. Since the given code C is linear, it has parameters as an additive code (n, 2 2k ) = (n, 2 n−(n−2k) ). Thus by Lemma 1 a quantum-error-correcting [[n, n − 2k, d]] code is obtained.
Construction method
By generalizing the building-up construction [3, Theorem 1] for self-dual codes over GF(4) to self-orthogonal codes, we have the following theorem. We remark that there was an error in [3, Theorem 1] about the definition of y i and so correct it here. Theorem 1. Let G 0 = (g i ) be a generator matrix(may not be in standard form) of a Hermitian self-orthogonal code C 0 over GF(4) of length n with dimension k, where g i are rows of G 0 respectively for (4) n with an odd weight. Suppose that
Here y i is the conjugate of y i and · denotes the Hermitian inner product. Then the following matrix
generates a Hermitian self-orthogonal code C over GF(4) of length n + 2 with dimension k + 1.
As an example of the above theorem, let C 0 be a Hermitian self-dual code over GF(4) generated by {1010, 0101}. If we take x = (01ωω), then the code C is generated by {1001ωω, ωω1010, ωω0101} by Theorem 1. This is the unique [6, 3, 4] Hexacode over GF (4) .
As in [3, Theorem 2] we get the converse of the above theorem as follows.
Theorem 2. Any Hermitian self-orthogonal code C over GF(4) of length n and dimension k > 1 with minimum weight d > 2 is obtained from some Hermitian self-orthogonal code C 0 of length n − 2 and dimension k − 1(up to equivalence) by the construction in Theorem 1.
In the following section, we construct 19 inequivalent linear Hermitian selforthogonal [24, 11, 8] codes over GF(4) with its dual minimum weight 7. These give record-breaking [[24, 2, 7] ] quantum-error-correcting codes. Table 2 for such codes, where A 8 (resp, B 7 ) denotes the number of minimum vectors in C(resp, C ⊥ ), justifying the inequivalence of the codes. Here we gave the vectors x with only first 11 co-ordinates, the right half being 1's. For example, x = (23310200132) in Q 24,7 means x = (2331020013211111111111). We summarize our result as follows. 
